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ABSTRACT: In this paper we have given the special cases of I-function when the coefficients of ‘s’ in
respective of gamma functions in the integrands are rational numbers. The formulas investigated in this
paper will unify the higher cadre of generalized hypergeometric functions.

I. INTRODUCTION

(i) The G- Function

Meijer’s G — function provides an interpretation of the symbol ,F, , when p> q+1. This interpretation is incomplete
agreement with the given by MacRobert ‘s E — function. The G- function was defined by Meijer [5] in Mellin —
Barnes type integrals as follows:

Gm,n A ,Ay, e e .......ap

D,q by, by by | =
i f H;-nzlf (b]—f) H;-lzlf (l—a]-+ &)
2mi L H;?;mﬂr (1-bj+¢) H?:llr (aj- 9
Where an empty product is interpreted as 1, 0 <m < q,0 <n <p and the parameters are such that no pole of
F(b]- - f) (j=1,2....m) coincides with any pole of T (I-a; + &) (=1, 2 ....n). these assumptions will be
retained throughout. There are three different paths L of integration.
(i) L runs from - ioo to ioo so that all poles of I' (b - &) (= 1,2,............ m), are to the right, and all the poles of T’

$ dE (1D

(1-a+&) G=1,2,......... n) to the left of L. the integral converges if p+q <2 (m+n) and larg x | < (m+n - %p - %q)
.
(ii) L is a loop starting and ending at + oo and encircling all poles of I' (b; - £) (j=1,2,...... m) once in the negative

direction, but none of the pole of I' (1- aj + &) (j= 1,2 ,.....n). the integral converges if ¢> 1 and either p< qor p=q
and Ixl < 1.

(iii) L is a loop starting and ending at -co and encircling all poles of I' (1-a; + &) (j=1,2,...... n) once in the positive
direction, but none of the poles of I" (b;- &) (j=1,2,............. m). The integral converges if p> landp>qor p =q
and IxI >1.

(ii) The H- Function
The H- function occurs in the study of the solutions of certain function equations considered by Bochner [1] and
Chandrasekharan and Narsimhan [2].
In an attempt to unity and extend the existing results on symmetrical Fourier kernels, Fox [3] has defined the H-
function in terms of a general Mellin — Barne ‘s type integral. He also investigated the most general Fourier Kernel
associated with the H- function and obtained the asymptotic expansions of the kernel for large values of the
argument, by following his earlier method [4].
The H- function is defined in terms Mellin Barne’s type integral as follows:

mn %G %G, )
H x| == [ 0 &) x* d¢ .(1.2)

pa [ &, ), | ™™

Where x¢ = exp [&log Ixl +iargx ] ..(1.3)
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In which log |x| represents the natural logarithm of |x| and arg x is not necessarily the principal value.

7y (b= B;§) b (- + ¢)
ML, T(A= b + B¢) TP, (e~ a¢)
Where an empty product is interpreted as unity and m, n, p, q are non negative integers such that 0<n <p,0 <
m<q,a(=12.... p B (=1.2,..... q) are positive numbers. @;(j=1,2,.....p) b;(j=1,2,........q) are complex
number such that none of the points &= (b, + v) /B, and &= (a, — n — 1)/ a, coincide with another, i.e. ,

ay(b,+v) # B,(ay-n—1) forh=12,..m, k=12.nv=n=012,.,

The contour L runs from — ico to + ico such that the poles of T' (b, — B, §) ,h =1,2,...m, lie to the right of L and
polesof T' (1 — a, + ay &),k = 1,2,...n lie to the left of L.

(iii) The I — Function

The I — function defined by Saxena, V.P. is the latest and most general form of hyper geometric functions. This
function emerged by itself while solving a class of dual integral equations involving Fox ‘s H —function as kernels
[6]. The I — function is defined in terms of following Mellin — Barnes type integral,

2= .. (1.4)

mn (aj' aj)1ni (aji » Aji In+1 pi 1 ¢
X ' T == x> dé-(14
Piq;:T (b, Bidims By Bidm+,gi 2mi f’“ v ¢-D
Where x¢ =exp [Elog |x| +iargx] .....ocooveiiiiiiiiiiiiiiein, (1.5)
In which log |x| represent the natural logarithm of |x| and arg x is not necessarily the principal value.

Here
T(f)— H;nzl F(b]—ﬁ]f) H;lzl F(l—a]-+a]-§)

Ser My PO byt Bi8) ML, r(aji—a; )7
Where an empty product interpreted as unity and, m, n, p;, q; , I, are non — negative integers such that 0< n <

I

.. (1.6)

Di ,0 <m < qi ,a]' (j=1,2, .......... n), ﬁ] (j=1,2, ............ m), a]'i (j=n+1,n+2, .......... Pi > 1= 1,2, ............ r), ﬁ]l.
(j=m+1, m+2, ....q; , i= 1,2,.......... r) are positive numbers and a; (j=1,2,.......n), b; (=1,2,...... m) , aj
(=n+1,n+2,....p;, i=1,2,....1) , bj (=m+1,m+2,........... gi , i=1,2,..r) are complex numbers such that none of the

points &= (b, + v) /By and & =(a.—n-1)/ a, coincide with each other , i.e.

ay(b,+ v) # by(ap—n—1),forh=12,.... mk =12,...n,v = N =0,1,2 e cev e,
L is a contour runs from o — i to g + i (o is real), in the complex & — span such that the poles of T (b; —
B; ¢) lie to the right hand side of L and the poles of I'( 1 — a; + a; ¢ ) lie to the left hand side of L.

II. TRANSFORM H TO G

We have
mn @) (ap ap)
Hpq [zl =Hpq |2 b b
( I’Bl) ---....( quq)
-1 s
~ 2mi th (s)z°ds ..(2.1)
where
™. r(bi—p;s) M, T(1- aj+
(o =g 1r((1] b]? R ey
j=ma1 570 Bis) Hj:n+1r(ai_°‘i5)
Now,
™. r(bi—p;s) [T, [(1— aj+a;
g )= [ e ) g,
’ 2m l_[i=m+1r(1_ bj— Bis) Hj:n+1r(ai_°‘is)
..(2.3)

Put 0= M;, Bj = Njin (2.3), we get
1 err:llr(bj—NjS) l'[]pzll"(l—aj+M]-s)

= on fL H;‘:m+1r(1—b]-+ Njs) [ty T(aj—M;s)

75 ds
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Hjﬁlr(Nj(%—s)) H}L1F<M,- <1;f"+ s))
=— [ ' ' z5ds (2.4)
o Hq (2 M oM s
j=m+1 ) N; j=n+1 ] M;
b]' 1- aj 1- b]' aj .
PutN—j-S=Zj,Tj+S=]/j,Tj+ S=Yj,E—S=len(2.4),

we get

_ 1 llF(NZ)H] 1 T(M;Y;) .

=— |3 T, Tyt Ty, ) 2 O . (2.5)

By using formula,[7 ,p-66 ]
1-m =Y j—1
rmz)= 2nz m*= /2 [, (z+ ),
Z#0," Ym,%/m ... m=123 (2.6)
Then,
2, T(N;Z)=T(N, Zl)r(N ZOT(N3Zs) ... ... I'(Ny,Zp)

= [en=" ovyas (2, + =)

[(Zn) 2 (N2)22‘1/2 e r(z, + %)]
[(Zn) 2 (Ng)% /2 [T T (Zs + %)] ......................
[(Zn) (N)2m=/2 HNmr(Zm + ﬁ)]

_[N1+Nyp +N3+ ot Nm]

. (N{N,.Nj...N ) /2
m (N;)" HNir( - )HNZF( —s+];—21).
HN3F( —5+—3) HJN“IF(m +m)
= "2 o T (N, N
0. G, (9, R s (e )
[ m (22 ) D (Bt ) e (Pt )

—(N1+N> +N3+ .+Nm)

ZNy +Np+Na+ -+ Wm) _1 .
= (2m)"/2.(2m) - (N;.Np.Nj . Npp) ™72 (NL.NQ.N3. L NG
by by bz
N,N1.N,N2N, Vs, N, Nm HN1 F(b1+l 1 S)
1
N2 bo+j-1 N3 bs+j—1 bm+j-1
e r (== )n T (22 —5) o T (P2 — )
m) —(N;+Np+N3+...4+4Nm) 1
= (2n)"a. (211:)— (N,.N,.N; ...N,,)
b
L (N) N I, T3, — ) 27
Where BizbiJr—]__1

N=N; +N, + N3 + ...+ Np,,j = 1toN.
L, r(My;) = F(M1Y1)F(M2Y2) T'(MzY3) ... T(MyYy)

[(211' D2 T (v + %)]
[(Zn) ol VGRS et r(y2 = 1)]

[0 0 12 (s B
20" Quyma 12 (v + 2]
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_ (Zﬂ)(1/2+1/2+1/2 ...... ntlmes) (2n)~ [—M1+M2+M3+ +Mn] (Ml M,.M; ... n)—l
1-ag 1-ay 1-ap
[M1 My M, M2 ..M, Mn] (M,.M,. M ... )+S I r(1 a1+ + ) - r(1 22

1'[M31“(1 % g ) ....... HMHF(1 4 g 4 ) )

1+My +M3+ +Mn]

- 20"z 201"

HM1 F(] a; ) HMz F(] al2+s). ]-I\E’ll”(%+s) ...... H

M

M;+Mgz4...Mn]

4mhmr———wmm ahndmw
=1 I'(o; +5)

Where o= ];[ﬁ +s
M=M,; + M, + M3 + . +M,
j= M+1F(N )=F(Nm+1Ym+1) F(Nm+2Ym+2) F(NmysYmes) -
[ ma1) T 2 HNmH r

[(211'

m+2)Ym+2— /2 HNm+2 T

(M. M, ... M)~ 2 H 1(M ) M] (M)

Mn J—an
].=1F ( My + S)

(M)’

F(Nqu)

(o 2]

(Yer2 + = )]

m+2

[(211') 7 (N /21] F(Y + )]

++)

. (2.8)

bj

gq-m [Nm+1+Nm+2++Ng]
0.0 ) 0 T (0
(R ) g (e )
HIN“I'+3F(1N"“‘+3+5+N 1) ................ H F(l Pa 4 g 4] )

m+3 m+3 q
[Nm+1+Nm+2+--+Ng] 1°b; -1

- (20’7 @0) S T (N) () T (N)
e (S . ) nf‘n;”r(N':n“:ZH) ......... e, (ﬂ+s)

g-m [Nmt1+Nmyz+-+Ng] b .
- (20'F" (21 T I () () T1 ()72 11,1 (2 45)

[Nm+1+Nm+2++Nq]

%wzcw————iﬂhdwﬁmfmmMJh

Hl m+1 FO\I +5)
Where
Q=Npy1 + Npyg + Nypgs + 00+ Nq

A= F(%+ s)

] n+1 F(M ) = 1—‘(1\/In+1Xn+1) F(Ml’l+2Xl’1+2) F(Ml’l+3Xl’1+3) ree e

IF(MpXp)

Mp j—1
e e I 2]
Mn -1
1- My, 1
[(Zn n3 )12 I T (X +h;n+3)] .........
Xp—-1/2 TTMp -1
....... [(211') (Mp)*=1/2 I T (X, + 2 )]
p-n [Mn41+Mn4p+-+Mp]
=(2n) 2 (2n) 2

M /2 ai+'—1
j= n+1(M) (M) l_[] n+1(M) Hl n+1 ( N:i -

. (2.9)
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Where R= M, + My, + -+ M,

aj+j—-1
5, ==
M;j
[Mn+1+Mp42+-+Mp]

- (2n) 7 (27) 2 T (m)™ (M) T, (M) V2R TG — ) 2.10)

Putting in equation (2.3) we get

[N 1+N2+ +Nm] [M 1+M2+ +Mp]

1 by . 1
Ho (2] = f, (Zn) "2 2m)” [, (N;) / 2R (NN (2m)"2 (2m)” n (™) /2
]
T, (M) N T(Bi—s) T T(oi+s) Hjn:11(Ni)_S H]p:1(Mi)S

[Nm+1+Nm+2+‘“+Nq] - bl

O z H°‘ a0 L) 2 G 2
X M M Mp] ai
_Mn+1+Mn4o+-+Mp] T -y
(2m) z H]P:m+1(Mi) ]H]g:mﬂ(Mi) ZH?:mHFO‘H'S)
1
x q
l_[l n+1r(81 S)H m+1(N]) H] n+1( ])
m+n—q+m-p+n [(N{+No+..+Nm)+(M1+Ma+-Mpn)+(Nm+1+Nm42++Ng)+(Mp41+Mp2+-+Mp)]
=(2n) 2 (Zn) 2

1—a]-

—z5ds

e, (N;)~ 72 1<N,> ln L (Mp) T 2T ()
1-b;

j al

H]g:mﬂ(Ni) N H] m+1(Nl) / m+1(M') m+1( ) v
8L, (01m5) T o) 12 ()" T2 (00 - 25ds
L H? mea T +) IR 4 T G- S)Hq Lmaa(N 1) H] ne1(M l)
Wheren=212, N, p=X,M
§=Zf~l=m+1Qr' \V=erj=“+1

2m+2n-p—q n+u+£+w Hm N /2 Hm N: )i H M 2 l—[n M
— (21_[) ( T[) ( ) j= 1(1])b j= 1( ]) 1( ]) a] 1( ]) x
q N q a2 s Y,
Hj:m+1(Ni) ) Hj:m+1(Ni) n+1(Ml) J H m+1(Ml)

— S
f M, r(Big) TTE G [ I, ()™ I, ] ds

X

b 1—a]-

Zm 1 m+1r0L +s) Hl n+1F(8 -s) Hq m+1(Nl) H] m+1(Ml)
b —a]-
2m+2n-p-q n+u+E+llJ T2, (N 2 G2, (N;) ™ I, (M /2 L, (M
o™ (o () TR m, ()™ TR, (04)” 1) 7
q N 1/, Y,
Hj:m+1(Ni) 1 m+1(N) H] n+1(M) 1 m+1( )
O , 0y, e e Oy Opyady ven ven e s Oy,
G"“[ 1072 W ont v ] L2110
B1y Bz wer ver ve v e By Aty won oo Ag
III. SPECIAL CASES
If we put r = 1 in I-function, then it reduces to Iy - function
) _ma |, (i 01 e (q]'1,0(j1)n+1'p
Pi.di:T ~ Piair
(b]-,sj)Lm (bjl,s]-l)m+Lq
-1 s
=— J t(s)z® ds ...(3.D

Where
12, r(bj— Bjs) I'(1— aj+ a;
(© =g 22 Moy By) D1 3+ ays) .. (3.2)

=1 l_[;]:lm+1 r(i- bjy+ Bj15) H;J:ln+1(ail_ O‘ils)}
putr = lin (3.2) we get

91



Jain and Saxena

(i, O 1 e - (q]-,a]-)

ma i llzl =1 e
di 9i:1 (b].,B]-)Lm (bj'Bj)m+1,q
=Lf J58 ! T(bj—Bjs) J5e 1T(1-aj+ gjs)
2mi inizl{l‘[] m+1F(1 b]1+B]15) l_[] n+1F(q]1 0‘]15)}
172, T(bj—Bjs) [Tz, T(1- aj+ays
=L_fL qi”( i) '1q(i i*as) z5ds ..(3.3)
2mi “LTL2 4, D= byt Bys) T2y T(aj—a)s
Put aj = i Bj = N

(sl o (5)

z5ds

z5ds

-,

27i 1 b q;
H;]:m+1F<N]<N—]+s)) H}J n+1 <Mi<ﬁlj_s))

b . 1-b 3 :
Put—-s=7, T —]/J, + s=Y;, —_—S=Xj in (2.4),
] ]

. i
]

(3.4

we get
2, T(NjZ5) T, T(M5Y;)
i m+1F(N Y;) P r(M;X;)
By using formula,[ 7 , p-66]
1-m =Y j—1
rmz)= 2oy z m* 72 I, (z+ ),
Z#0, Ym,%/m...m=123 (3.6
Then,
2, T(N;Z)=T(N, Zl)r(N ZOT(N3Zs) ... .. ... I'(NyZp)
j-1

= [en=" (s Y r(z,+ )]

Ny

z'ds ... (3.5

1
=L e

2ni j=n+1

j-1

[en=" N, )22 T T (2, + 2]

N3
[(211') > (N5 1%, 1 (2, + %)] ..........
0 tye e )
] (N4 Ny Ng o Np) ™
I(N() HNlF() - () e (3 3”%)-
HN3F —s+ = HNmF m— +m
_ (ZTE) /2 (ZTE) [N1+N2+N3+ +Nm] (Nl NZ m)—l
Nl(zi S).NZ(E S)_N3(z3 -s) ___Nm(zﬁ )HNl r(b1+] L S)_
HNZ F(b2+] - ) HN3 F(b3+] ! s) ..... Hi=1 (bm;—ll—s).
" SNy NNt N) " L .
= (2n)"/2.(27) . (Ny.N,.N; .. N.)7 /2 (NL.N,.N;.. N

by by b3

N e NSNS, o N, My, r (= —s)
T C O, P ) e ()

—(N1+N> +N3+ .+Nm)

= 2m)"™2.(2n) .(N;.N,.Nj ..N )™

l
m (NN TN, T(B, — ) .(3.7)
Where B; = M
N=Nj + Ny + N3 + o+ Nppj = 1toN.
M, r(Mpy;) =My )T (Mpy,). T(Mays) co .. T(Myyy)
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[(Zn I (v + )]
(20" 72 /2 (v, + )]
[(Zn) ) T (v + )]
20" Qa2 (v + 2]

_ (zn)(1/2+1/2+1/2 ______ ntlmeS) (211) [W] (Ml M,.M; ... n)_l
M 1Ma1 1Maz 1Man +s M, 1-a, M, 1-a;
1 M My Mz M M | (MM, M; ) H F( +5+] ) H F( s+ )

1'[M31“(1 LENFRP ) ....... HMHF(1 A 4 g 4! )

1+My +M3+ +Mn]

= 20" 2y (M. M, .. M,) "2 [T l(M)“l (M)’
00 (52 4 5). 25 (524 5) T (524 ()

M;3

M;+Mgz4...Mn]

= 0" 2 " (0, My M) e T (M) (M)
M, T +s) .(3.8)
Where o= ];[ﬁ +s
M=1M1 + M, + M; + . +M,
e T(NyY, )=F(Nm+1Ym+1) F(Nm+2Ym+2) T(Npt3Ymss) o T(NGYy)

[(211’ m+1)Ym+1_1/2 HNm+1r(Ym+1 + = )]

[ N+1

_1 m
m2) ™2 /2 HN T (Ym+2 + )]
m+2

.[(zn)% (Nq)Yq_l/2 1heh) (Yq + E)]

1— b
- @0 o L) () T (8)
H}“‘q“r(leﬁj s+ 1), H}“ﬂ;”r(le“: +s+ N‘m;).
[T+ (lN';:f +s+ Nm;) ................ H F(l Pa 4 g4 q)
1— b
- @ e EEEE L) () T ()2
H]I\I“I‘“F(%“:+s) H]I\I“I‘”F(;m—“:z+s) ......... H;\I:qll“(%+s)
1—b
_ (Zn)g (20 [Nm+1+Nn;+2+~»_+NCl] H? m+1(N ) Nq (N) H ()T s Hl . (N_'iJi+ s)
C T o ) () T 00
M. T +5) ... (3.9)

Where
Q=Np+1 + Npyy + Nppyg + 0+ Nq

or(5ies)
] n+1 F(M ) = 1—‘(1\/In+1Xn+1) F(Ml’l+2Xl’1+2) F(Ml’l+3Xl’1+3) ree e 1—‘(1\/IPXP)
— [(211’ n+1)Xn+1 1/2 HMn+1F(Xn+1 + j-1 )]

Mn+1
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1- M 1
[(211’ n+2)Xn+2 1/2 H n+2F(Xn+2 +N1[n+2)].
1- M 1
[(Zn A | s o O S +3)] .........
....... [(211') (MP)XP V2 [T (Xp ﬂI—l)]
p-n [Mn4+1+Mp42+-+Mp| 1 a+j-1
=(2n) 2 (2n) : e )“ (M) T (M) T T (M= 5)
Where R=M, .y + My, +-+ M,
8- _ aj+j-1
1= Ml
p-n [Mn41+Mn42+-+Mp] a—j_ —s 1
=2n) 2z (2n) 2 T (my)™ () L (M) P TIR T G =) ...(3.10)
Putting in equation (3.3) we get
_IN 1+N2+ +Nm] / M 1+M2+ +Mn] _1/
I zl= [ o 2oz xR (N) 2T, (N )N em2n™ 2 IIR,(M) 2
1-a;
i}
M (Mp) ™ T, T(B-s) T, PCoits) TR (N3) ™ T (My)°
g-m [Nm+1+Nm+2+“'+Nq] 1- bl
(2ny" 2" (2m) z H°‘ a0 L) 2 G e
_[Mn+4+1+Mn42+.+Mp| b % q S, g
(2m) 2 Hj:m+1(Mi) ]Hj:m+1(Mi) iz, TQits)
X 3 L —z5ds
Hl n+1 0 @i S)H m+1( l) H] n+1( l)
m+n—q+m-p+n [(N{+No+..+Nm)+(M1+Ma+Mn)+(Nm+1+Nm42++Ng)+(Mp41+Mp2+-+Mp)]
= (2m) 2 (2m) 2
i 1—’=‘i
T2, (N) 2H,ml(N) T, () ZH,“ 1)
1— b] aj
mL ) I () O DL )
% T, 1(B;—s) L, T(oi+s) H1m1(N1) L 1(M1) _z5ds
L H? m+1r0L +S)Hl n+11Gi= S)Hq m+1(Nl) H n+1(Ml)
Wheren=2rL N, p=X{1M
g= Z m+1Qr' Y= z:r n+1 R
b]- 1—a]-
+u+E+Y m (N: m /2
_ (zﬁ)2m+2n p— q( 2m)" (n B ) Hl:l(lj]_)b] n 1(N) I, (M) 13] L(My) 8
ng=m+1(Ni) N m+1(N) /ZH n+1(M) ]H m+1(M) 2
f M, r(Big) TTE G [ I, ()™ I, ] ds
2mi I m+1r0L +s) Hl n+1F(8 -s) Hq m+1(Nl) H] m+1(Ml)
b]- —a]-
2m+2n-p-q n+u+E+llJ 2, (N 2 G2, (N;) ™ I, (M /2 TG, (M
B B i . S X DN () v L) "
1
H]g:m+1(Ni) N 1 m+1(N) 2 H n+1(M) 1 m+1( ) /2
G"“[ Ay, 0y e e (LT PR S ] G311
B Bos e e e e e Bn')\m+1' ...... 7\5

The transformation relations derived above can generate new properties of the I-function and other higher order
generalized Hypergeometric functions.
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